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Abstract 

We study the unit group of the modular group algebra KG, where G 
is a 2-group of maximal class. 

We prove that the unit group of KG possesses a section isomorphic to 
the wreath product of a group of order two with the commutator subgroup 
of the group G. 
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1 Introduction 

Let p be a prime number, G be a finite p-group and K be a field of characteristic p. 
Denote by A = Ak{G) the augmentation ideal of the modular group algebra KG. 
The group of normalized units U(G) = U {KG) consists of all elements of the type 
1 + x, where x G A. Our further notation follows [pOfl . 

Define Lie-powers KG^ and KG^ n ' in KG: KG^ is two-sided ideal, gene- 
rated by all (left-normed) Lie-products [xi, Xv, ■ ■ ■ , x n ), Xi E KG, and KG^ 1 ' is 
defined inductively: KG^ 1 ' = KG, KG^ n+1 ' is the associative ideal generated by 
[KG (n) , KG}. Clearly, for every n KG^ n) D KG [n] , but equality need not hold. 

For modular group algebras of finite p-groups A"G < -' G "' +1 - ) = [24 . Then in 
our case finite lower and upper Lie nilpotency indices are defined: 

t L (G) = min{n : KG [n] = 0}, t L {G) = min{n : KG (n) = 0}. 

It is known that ti(G) = t L (G) for group algebras over the field of charac- 
teristic zero [IP |, and for the case of characteristic p > 3 their coincidence was 



proved by A. Bhandari and I. B. S. Passi 0. 
Consider the following normal series in U(G): 

U(G) = 1 + A D 1 + A(G") D 1 + A 2 (G") D 1 + A t{G '\G'), 

where t(G') is the nilpotency index of the augmentation ideal of KG'. 
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An obvious question is whether does exist a refinement for this normal series. 
There were two conjectures relevant to the question above. 

The first one, as it was stated in [20], is attributed to A. A. Bovdi and consists 
in the equality c\U(G) = t(G'), i.e. this normal series doesn't have a refinement. 
In particular, C. Baginski proved that c\U(G) — p if \G'\ = p (in case of 
cyclic commutator subgroup t(G') = \G'\). A. Mann and A. Shalev proved that 
c\U(G) < t(G') for groups of class two |16|| . 

The second conjecture was suggested by S. A. Jennings [13] in a more general 
context, and in our case it means that c\U(G) = ti(G) — 1. Here N. Gupta and 



F. Levin proved inequality < in [11 



The first conjecture was more attractive and challenging, since methods for the 
systematic computation of the nilpotency index of the augmentation ideal t(G') 
were more known than such ones for the calculation of the lower Lie nilpotency 
index (for key facts see, for example, [0, |T5[, [T3|], JHJ], J2"l| ). 

Moreover, A. Shalev [[2(J proved that these two conjectures are incompatible 
in general case, although t(G ') = t L {G) — 1 for some particular families of groups, 
including 2-groups of maximal class. Later using computer Coleman managed to 
find counterexample to Bovdi's conjecture (cf. and the final effort in this 

direction was made bu X. Du [10] in his proof of Jennings conjecture. 

Study of the structure of the unit group of group algebra and its nilpotency 
class raised a number of questions of independent interest, in particular, about 
involving of different types of wreath products in the unit group (as a subgroup 
or as a section). 

In D. Coleman and D. Passman proved that for non-abelian finite p- group 
G a wreath product of two groups of order p is involved into U(KG). Later this 
result was generalized by A. Bovdi in M . Among other related results it is worth 



to mention 16 



It is also an interesting question whether U(KG) posesses a given wreath 
product as a subgroup or only as a section, i.e. as a factor-group of a certain 
subgroup of U {KG) . Baginski in M described all p-groups, for which U (KG) 
does not contain a subgroup isomorphic to the wreath product of two groups of 
order p for the case of odd p, and the case of p = 2 was investigated in [|7| . 

The question whether U(G) possesses a section isomorphic to the wreath 
product of a cyclic group C p of order p and the commutator subgroup of G was 
stated by A. Shalev in ||20|| . Since the nilpotency class of the wreath product 
C p I H is equal to t(H) - the nilpotency index of the augmentation ideal of KH 
||, this question was very useful for the investigation of the first conjecture. In 
[p2]] positive answer was given by A. Shalev for the case of odd p and a cyclic 
commutator subgroup of G. 

The present paper is aimed to extend the last result on 2-groups of maximal 
class, proving that if G is such a group then the unit group of KG possesses 
a section isomorphic to the wreath product of a group of order two with the 
commutator subgroup of the group G. We prove the following main result. 
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Theorem 1 Let K be a field of characteristic two, G be a 2- group of maximal 
class. Then the wreath product C2I G' of a cyclic group of order two and the 
commutator subgroup of G is involved in U(KG). 

2 Preliminaries 

We consider 2-groups of maximal class, namely, the dihedral, semidihedral and 
generalized quaternion groups, which we denote by D n , S n and Q n respectively 
They are given by following representations ||: 



D n = 


(a, b 


on — 1 

a 1 


= 1,& 2 


= l,6 _1 a6 = a" 1 ), 


S n = 


(a, b 


on— 1 

a 2 


= 1,& 2 


= l,b- 1 ab = a- 1+2n ' 2 ) 


Qn 


(a, b 


on — 1 

a 1 


= 1,& 2 


2 n ~ 2 r — 1 r — 1 \ 

= a ,b ab = a ), 



where n > 3 (We shall consider D 3 and S3 as identical groups). 

We may assume that K is a field of two elements, since in the case of an 
arbitrary field of characteristic two we may consider its simple subfield and cor- 
responding subalgebra in KG, where G is one of the groups Dni S n or Q n . 

Denote for x = J2 g ec a g ' 9i a g e K by Supp x the set {g G G \ a g 7^ 0}. Since 
K is a field of two elements, 16 1 + A <^ |Supp x\ — 2k + 1, k G N. 

Next, for every element g in G there exists unique representation in the form 
afb 3 , where < i < 2 n_1 , < j < 2. Then for every x G KG there exists unique 
representation in the form x = x% + x^b, where Xi = a ni + . . . + a nk i. We shall 
call Xi, x 2 components of x. Clearly, x± + x 2 b — yi + y^b <^ x,- t = yi,i = 1, 2. 

The mapping xhi = b~ l xb, which we shall call conjugation, is an automor- 
phism of order 2 of the group algebra KG. An element z such that z = z will be 
called self-conjugated. 

Using this notions, it is easy to obtain the rule of multiplication of elements 
from KG, which is formulated in the next lemma. 

Lemma 1 Let f x + f 2 b, h x + h 2 b G KG. Then 

(fi + f 2 b)(h 1 + h 2 b) = (Mx + f 2 h 2 a) + (Mi + hh 2 )b, 

where a = 1 for D n and S n , a = b 2 for Q n . 

We proceed with a pair of technical results. 

Lemma 2 An element z G KG commute with b G G if and only if z is self- 
conjugated. 

Lemma 3 If x and y are self- conjugated, then xy = yx. 
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In the next lemma we find the inverse element for an element from U(KG). 

Lemma 4 Let_ f = fa + fab G U(KG). Then f' 1 = (fa + fab)Br x , where 
R = fafa + fafaa, and a = 1 for D n , S n , a = b 2 for Q n . 

Proof. Clearly, R is a self-conjugated element of K(a) of augmentation 1, 
hence R is a central unit in KG. Then the lemma follows since 

(fa + fab)(fa + fab) = (fa + fab)(fa + fab) = R. 

Now we formulate another technical lemma, which is easy to prove by straight- 
forward calculations using previous lemma. 

Lemma 5 Let f,h G U(G),f — fa + fab,h — h± + h 2 b, and h = h is self- 
conjugated. Let R and a be as in the lemma ^. Then f~ l hf — t\ + t 2 b, where 
t 1 = h 1 + h 2 (fafa + faf 2 )aR~\t 2 = h 2 (fl + /|a)i2 _1 . 

Let us consider the mapping (p(xi +x 2 b) = X\X\ +x 2 x 2 a, where a was defined 
in the Lemma |5|. It is easy to verify that such mapping is homomorphism from 
U(KG) to U(K{a)) and, clearly, for every x its image ip(x) is self-conjugated. 
Such mapping if : U(KG) — > U(K(a)) we will call norm. We will also say that 
the norm of an element x is equal to <p(x). 

3 Dihedral and Semidihedral Group 

Now let G be the dihedral or semidihedral group. Note that in Lemma [5] the first 
component of f~ x hf is always self-conjugated. In general, the second one need 
not have the same property, but it is self-conjugated in the case when fa + fa = 1, 
where f = fa + fab. It is easy to check that the set 

H(KG) = {h + h 2 b g U(KG) | h x + h 2 = 1} 

is a subgroup of U(KG). 

Now we define the mapping ip : H(KG) — ► U(K(a)) as a restriction of <p(x) 
on H(KG). For convenience we also call it norm. 

Lemma 6 ker^ = C H (b) = {h G H(KG) | hb = bh}. 

The proof follows from the Lemma ^| and the equality ip(h) — 1 + h\ + hi for 
h G H(KG). 

Lemma 7 Cnib) is elementary abelian group. 
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Proof. C H {b) is abelian by the lemma g. Now, h 2 = ff + f 2 + (fif 2 + fif 2 )b = 
fi + fi — 1 + /i + /i = I; an d w e are done. 

Note that for elements f,hE Cn{b) we may obtain more simple rule of their 
multiplication: (/ x + f 2 b)(h 1 + h 2 b) = (1 + f x + Z^) + (/i + ^i)&. 

Now we consider a subgroup in G generated by b e G and ^4 = a + (1 + a)b. 
Note that A G H(KG). First we calculate the norm of A : ^(A) = 1 + a+a. Since 
a 2 " = 1, we have ijj(A) 2n = 1. Then A 2 " commute with b, and A 2 " = 1 
by the Lemma 0. Smaller powers of A have non-trivial norm, so they do not 
commute with b. Clearly, order of A is equal to 2 n ~ 2 or 2™" 1 . In the following 
lemma we will show that actually only the second case is possible. 

Lemma 8 Let A = a + (1 + a)b. Then the order of A is equal to 2 n ~ 1 . 

Proof. We will show that the case of 2 n ~ 2 is impossible since SuppA 2 ^ 1. 
We will use formula (8) from |§, which describes 2 fc -th powers of an element 
x G 17(G): 

fc-i 

x = x 1 + {x 2 x 2 ) b + 2_^{x 2 x 2 ) {xi+xi) b +x 2 (x 1 +x 1 ) b. 

i=l 

Let us show that the second component of A 2 " 2 is non-trivial. Let us denote 
it by t 2 (A 2 " ) = t 2 . By the cited above formula, t 2 = (1 + a)(a + a) 2 " -1 , where 
a = a -1 for the dihedral group, and a = a~ 1+2 ™ for the semidihedral group. 

Now we consider the case of the dihedral group. We have 

t 2 = (1 + a )(a + a- 1 ) 2 "" 2 - 1 = (1 + a)(a _1 (l + a 2 )) 2 "' 2 - 1 = 

(1 + a)a 2 ' l - 2+1 (l + a 2 ) 2 ""- 1 = (a 2 "" +1 + a 2 "" +2 )(l + a 2 ) 2 ""- 1 . 

Note that if X = (x),x 2m = 1, then (1 + x) 2 ™" 1 = V — X, where for a set X 
_ yex 

we denote by X the sum of all its elements @ . Thus, we have 

(1 + a 2 ) 2 "' 2 - 1 = 1 + a 2 + a 4 + . . . + a 2 ""- 2 = Ja 2 ) = TP. 

Then 

t 2 = ( a 2 "~ 2+1 + a 2n " 2+2 )"^2)" = a Jtfj + =JJj, 

and for the case of the dihedral group the lemma is proved. 
Now we will consider the semidihedral group. We have 

t 2 = (1 + a )(a + a 2 - 2 - 1 ) 2 "- 2 - 1 = (1 + a)(a(l + a 2 "^- 2 )) 2 "' 2 - 1 = 

and the rest part of the proof is similar. Note that from t 2 (A 2 " 2 ) = (a) we can 
immediately conclude that its first component is 1 + (a), since A G H(G). 
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To construct a section isomorphic to the desired wreath product, first we take 
elements b, b A , b A2 , • • • , b A2 \ For every k we have (b Ak ) 2 = 1. By the Lemma 
|5| all elements b Ak are self-conjugated, since A G H(KG), and they commute each 
with other by the Lemma [| So, we get the next lemma. 

Lemma 9 (b, b A , b A2 , • • • , b A2 is elementary abelian subgroup. 

Now we can obtain elements b Ak , using the Lemma |[ 

Lemma 10 Let A = a + (1 + a)b, R = ip(A) = 1 + a + a. Then 

b Ak = 1 + R k + R k b, k = l,2,...,2 n ~ 2 . 

Proof. First we obtain b A by Lemma with hi = 0, h 2 = 1, fi = a, f 2 = 1 + a. 

We get 

b A = ( (1 + a) + a(l + a))/?" 1 + (a 2 + (1 + a^irt = 

= (a + a + a 2 + a 2 )R~ 1 + (l + a 2 + a 2 )R~ 1 b = (R + R 2 )R~ l + R 2 R~ 1 b = 1 + R + Rb. 

Now let b Ak = 1 + R k + -R fc &. Using the same method for h t = 1 + R k , h 2 = R k , 
we get 6 Afe+1 = 1 + + R k+1 b, as required. 

Lemma 11 There exists following direct decomposition: 

(b, b A , b A ", ■ ■ ■ , b^' 2 ") = (b) x (b A ) x (fr 42 ) x • • • x (fr 42 "" 2 " 1 ) 

Proof. We need to verify that the product of the form b t0 (b A ) n ■ ■ ■ (b A ) lfc , 
where = 2 n ~ 2 — 1, i m & {0, 1} and not all i m are equal to zero, is not equal 
to 1 G G. Clearly, multiplication by b only permute components. So, we may 
consider only products without b and proof that they are not equal to 1 or b. 

Note that b A are self-conjugated and lies in H(KG). From this follows the 
rule of their multiplication: 

(1 + R k + R k b)(l + R m + R m b) = 1 + R k + R m + (R k + R m )b. 

The product of more than two elements is calculated by the same way: 

{b A ) h (b A2 y* ■ ■ ■ {b Ak ) lk = l + nR + i 2 R 2 + ■■■ + i k R k + {hR + i 2 R 2 + ■■■ + i k R k )b. 

Put 7 = i\R + i 2 R 2 + ■ ■ • + ikR k and R — 1 + r, where r = a + a. Then 
7 could be written in the form 7 = fi + r J1 + • • ■ + r Jfc , where /i G {0, 1} and 
j 1 < j 2 < ■ ■ ■ < jk = ik- Since (a + a) 2 ™ = 0, r is nilpotent and its smaller 
powers are linearly independent, so r J1 + ■ • • + r 3 '* 7^ 0. From the other side, it 

is easy to see that the support of r Js does not contain 1, so r J1 + h r Jfc 7^ 1. 

Hence 7 G" {0, 1}, and the support of the product {b A ) n {b A ) 12 ■ ■ ■ {b A ) lk contains 
elements different from 1 and b, which proves the lemma. 

Now we are ready to finish the proof of Theorem [I] for the dihedral and 
semidihedral groups. It was shown that U (KG) contains the semi-direct product 

F of (b) x (b A ) x (b ) x ■ ■ ■ x (b ) and (A). As was proved above, the order 

of A is 2 n ~ 1 and its 2 n_2 -th power commutes with b. From this follows that the 
factorgroup Fj (A 2 ™ ) is isomorphic to C 2 I G ', as required. 
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4 Generalized Quaternion Group 



Now let G be the generalized quaternion group. First we need to calculate 
c\U{G). In fact, we need to know only ti(G), since cl U{G) = £l(G) — 1 [ |K)|j . 
Note that Theorem ^| is already known (see Theorem 4.3 in ||), but we provide 
an independent proof for the generalized quaternion group. 

Theorem 2 Let G be the generalized quaternion group. Then clU(G) = \G'\. 



Proof. First, c\U(G) < \G'\ by |6|. Now we prove that t L (G) > \G'\ + 1. 
To do this, we will construct non-trivial Lie-product of the length 2 n ~ 2 = \G'\. 
Consider Lie-product [b, a, ■ ■ ■ , a] which we denote by [b, k-A}. Clearly, [b, a] = 

k 

(a + a _1 )6, and (a + a -1 ) is central in KG. It is easy to prove by induction that 
[b, k ■ a] = (a + a~ l ) k b, therefore the commutator 



[6, (2 n - 2 - 1) • a] = a 2 +1 (1 + a 2 ) 2 b = a 2 +1 (a 2 )b = a(a 2 )b 

does not vanish. 

From the Theorem @ it follows that t L (G) = t L (G) since 

cl 17(G) = t L {G) - 1 < t L (G) - 1 < \G'\, 

confirming conjecture about equality of the lower and upper Lie nilpotency indices 
(cf. 0). From this we conclude that G and U(KG) have the same exponent, 
using the theorem from about coincidence of their exponents in the case 
when t L {G) < 1 + (p — l)p e_1 , where p e = expG and p is the characteristic of 
the field K. Note that these two statements regarding Lie nilpotency indices and 
exponent are also true for all 2-groups of maximal class. Using the technique 
described here we also may show that modular group algebras of 2-groups of 
maximal class are Lie centrally metabelian. 

For a unit A of KG we denote by (b, k ■ A) the commutator (b, A, ■ ■ ■ , A). Now 

k 

we need a pair of technical lemmas. 

Lemma 12 Let A e U(KG), A 2 "' 1 = 1,6 G G, b Ai b Aj = b A 'b A% for every i,j, 
where b = A~ l bA l . Then for every k G N (6, k ■ A) 2 = 1. 

Proof. We use induction by k. By straightforward calculation, (6, A) 2 = 1. 
Now, let (6, k ■ A) = X, X 2 = 1. Then (X, A) = XX A . Since elements b A \ i G N 
commute each with other, X and X A also commute, and (XX A ) 2 = 1. 

Lemma 13 Let A G U(KG), A 2 "' 1 = 1, 6 G G, 6 A V J = 
where b A% = A~ l bA l . Then for every k, m G N 



(6,A---,A^> 
v — v — ' — 

k k+2 




7 



Proof. We use induction by m. First, (b, k ■ A, A) = (b, (k + 1) • A). Let the 
statement holds for some m. Consider the commutator 

(6, k ■ A, A 2m+1 ) = (b,k- A, A 2m ) 2 (b, k ■ A, A 2 "\ A 2 ™), 



since (x,yz) = (x, y)(x, z)(x, y, z). By the Lemma [L2| the square of the first 
commutator is 1, while the second is equal to (b, (k + 2 m+1 ) ■ A). 
This gives possibility to proof the next property of U(KG). 

Lemma 14 Let A G U(KG), A 2 "" 1 — l,b E G, b Ai b Aj = b A 'b A% for every ij, 
where b = A~ % bA % . Then A 2 " commute with b. 

Proof. We will show using induction by m that the group commutator 
(6, A 2 " 1 ) = (6, A, ■ ■ ■ , A), so (6, A 2 "' 2 ) = (6, A, ■ ■ ■ , A) = 1, since cl U(G) = 2 n ~ 2 . 




2 m 

First, (6, A 2 ) = (b,A) 2 (b,A,A) = (b, A, A) by the Lemma H Let (6, A 2 ™) = 
(b,2 m ■ A). Then (b,A 2m+1 ) = (b, A 2m ) 2 (b, A 2m , A 2m ) = (b,A 2m ,A 2m ) by the 
Lemma [12]. Using induction hypothesis and Lemma [13|, we get 

(6, A 2 " 1 , A 2 " 1 ) = (6, 2 m ■ A, A 2 ™) = (b, 2 m+1 • A). 

Let us take an element A = a 2 " 3+1 + (1 + a)b, where aT 1 = 1. Calculating 
A~ x hA for self-conjugated h by the Lemma [5], we get a self-conjugated element 
again. The norm of A is f{A) = 1 + a 2 " +1 + a 2 " _1 , so order of (f{A) is 2 n ~ 2 , 
and from this we conclude that the order of A is great or equal to 2 n ~ 2 . From 
the other side, it is not greater then 2 n_1 , since G and U(KG) have the same 
exponent. Moreover, if A 2 " ^ 1, then A 2 " commute with b by lemma [14, 
and it is necessary to know whether its lower powers commute with b. As in the 
previous section, in the following lemma we will exactly calculate the order of A. 

Lemma 15 Let A = a 2 " 3+1 + (1 + a)b. Then the order of A is equal to 2 n_1 . 

Proof. The proof is similar to the proof of the lemma We will show that 
SuppA 2 ™ ^ 1, calculating the second component t 2 (A 2n ) = t 2 - Using the 
same formula from |J, we have: 

t 2 = (l + a)(a 2 "~ 3+1 + a -2- 3 -i ) 2"--i = (1 + a)(a -2- 3 -i (1 + a 2^ +2))2 «-2-i = 
(l + ^la-^-^^-^l + a 2 ' 1 "^ 2 ) 2 ' 1 "- 1 = (l + a)a- 2 ^ 3+1 (l + a 2 ' l " +2 ) 2 ""- 1 = 

_2"- 3 + l . -2 n ~ 3 +2wi , 2 n-2 +2\2 n ~ 2 -l 



(a- 2 +i + a~ 2 +2 )(l + a 2 



Then, (1 + a 2 " + 2 ) 2 - 1 = (a 2 ) = G'. From this 

-2 n " 3 +l | -2"- 3 +2\ 



t 2 = ( a ~ 2 +i + a' 2 +2 )(a 2 ) = a(a 2 ) + (a 2 ) = (a), 

and the lemma is proved. 

Now we calculate elements b A , k = 1, 2, • • • , 2 n_2 , using Lemma H. 
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Lemma 16 Let A = a 2 "' s+1 + (1 + a)b, R = <p(A) = 1 + a 2 "~ 2+1 + a 2 " -2 - 1 . 
Then 

k-i 

b A " = p ( b2R Y + ip 2 R) k b, k = 1,2, T~ 2 , 

i=-l 

1 o 2 n_3 -H i — 2"~ 3 — 1 i 2 n ~ 3_i_2 . _2 n_3 — 2 

where (3 = a z +1 + a 1 1 + a z +z + a z z . 

Proof. Remember that for Q n in Lemma |5| f~ x hf =ti + t 2 b, where 

h = h 1 + h 2 {hh + hh)b 2 R-\ t 2 = h 2 {fl + f 2 2 b 2 )R-\ 

First we obtain the second component. For A = fx + we have f\ + f 2 b 2 = 
(a~ 2 "~ 3 ' 1 ) 2 + (l + a) 2 a 2 "~ 2 = 6 2 (l + a 2 + a~ 2 ) = 6 2 _R 2 . Then the second component 
of b A is b 2 R 2 R~ l = b 2 R. Now it is easy to prove by induction that the second 
component of b A is {b 2 ) k R k . From this immediately follows that A k ,k < 2 n ~ 2 , 
doesn't commute with b, since ordi? = 2 n ~ 2 . 

Now we will calculate the first component. First, for the element A expression 
of the form fj 2 + fj 2 is equal to a 2 "" 3+1 (l + a) + a" 2 "" 3 " 1 ^ + a" 1 ) = a 2 "" 3+1 + 
a -2 n -i_|_ fl 2 n +2_|_ a -2™ ~ 2 ; which we will denote by /3. Using the formula at the 
beginning of the proof for h± = 0, h 2 = 1 we conclude that the first component of 

b A is equal to f3b 2 R~ 1 . Now let the first component of b A , where k < 2 n ~ 2 — 1, is 
fc-i 

equal to (5 (b 2 R) 1 . Taking into consideration its previously calculated second 

i=-l 

component, we obtain that the first component of b A +1 is equal to 

k-l k 

(3 (b 2 RY + (3(b 2 R) k b 2 R- x = (3 Y ip 2 R)\ 

i=-l i=-l 

Now we are ready to construct the subgroup, whose factorgroup is isomorphic 
to the desired wreath product. Let us consider the subgroup Fx in U(G) : 

F 1 = (b,b A ,b A2 ,---,b A2 "~ 2 - 1 )(A), 
where b e G, A = a 2 " 3+1 + (1 + a)b, A 2 " 2 is the minimal power of A which 

A a2 ^ — 1 

commutes with b. Further, the subgroup {b,b ,b , ■ ■ ■ ,b ) is abelian, and 

the intersection of subgroups (b), (b ), ■ ■ ■ , (b ) is (b ). Moreover, the order 

of A is 2 n -\ 

Let us take F 2 as a factorgroup of the group Fi as follows: 

F 2 = F 1 /(b 2 )(A 2n - 2 ). 

It is clear, that c\F 2 < 2 n ~ 2 = c\U(G). If we will show that actually we have 
equality cl F 2 = 2 n ~ 2 = cl(C 2 lG'), then from this it will follow that F 2 ^ C 2 1 G '. 

Let M = C 2 lG' and cl F 2 = 2 n ~ 2 = cl M. Let us assume that F 2 ^ M. 
Then there exists such normal subgroup N<M, that M/N = F 2 , since there 
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exists a homomorphism M — > F2, which is induced by mapping of generators of 
M into F 2 . Since \Z(M)\ = 2, N < M, then N n Z(M) ^ 0, so Z(M) C iV. In 
this case the nilpotency class cli<2 should be less then clM, and we will get a 
contradiction. 

To obtain the lower bound for the nilpotency class cl F2 we will show that the 
commutator (b, A . „ A) in U(G) does not belong to the subgroup (b 2 )(A 2n ), so 

2"" 2 -l 

its image in F2 is nontrivial. By the lemma [13] (b, A. . . A) = (b, A. . . A , A 2 " ) = 
(b,A_^_A,A 2n -\A 2n - 3 ) = ■■■ = (b,A,A 2 ,A\---,A 2 "-\A 2n - 3 ), and we obtain 

2"" 4 -l 

more simple commutator of the length n — 1. Further, (b, A) = b~ l b A = bb A , then 
(b, A, A 2 ) = bb A b A2 b A \ and, by induction, 

(6, A A 2 , ■ ■ ■ , A 2 ^') = bb A b A2 ■ ■ ■ b^^ 1 = (bA- 1 ) 2 ^ 2 A 2n ~ 2 . 

It remains to show that (bA^ 1 ) 2 " 2 does not contained in (b 2 )(A 2 " 2 ). Note 
that (bA- 1 )- 1 = Ab\ (Ab 3 ) 2 ^ 2 = (Abf n ~ 2 . _ 

By the Lemma [15] the second component of A 2 " is equal to (a) . Note that 
it is not changed under multiplication of A 2n by b 2 . The same method could 
be used for calculation of (Ab) 2 " . We have 

Ab = (1 + a)b 2 + a 2n ~ 3+1 b = (a 2 "" 2 + a 2 "" 2+1 ) + a 2 "" 3+1 6. 

Then by the formula from || the second component of (Ab) 2 " 2 is equal to 

a 2 "- 3 +V n " +1 + a 2 "- 2 - 1 ) 2 ""- 1 = a 2n - Z+1 (a 2n - 2 -\l + a 2 )) 2 "' 2 ' 1 = 

a 2n - 3+1 (a 2n - 2 - 1 ) 2n - 2 - 1 (l + a 2 ) 2 "" 2 - 1 = a 2n ~ 3+2 l^) = Jtf). 

Thus, support of the second component of (Ab) 2 " 2 does not coincide with the 
support of the second component of (A) 2 " and does not changes under multi- 
plication of (Ab) 2n ~ 2 by b 2 . From this we conclude that (Ab) 2 "' 2 (b 2 )(A 2n ~ 2 ). 
This proves that the commutator (b, A. . . A) also does not lies there. That is 

2 n ~ 2 -l 

why clF 2 = 2 n ~ 2 = c\(C 2 lG'), and F 2 = C 2 I G', so the theorem is proved. 

Acknowledgements 

The research was supported by the Hungarian National Foundation for Scientific 
Research Grant No. T 025029. The author is grateful to Prof. Ya. P. Sysak for 
drawing attention to the problem and helpful suggestions, and to referee for his 
useful comments. 



10 



References 



Baginski, C, Groups of units of modular group algebras, Proc. Amer. Math. 
Soc. 101 (1987), 619-624. 

[2] Baginski C, Modular group algebras of 2-groups of maximal class, Comm. 
Algebra 20 (1992), 1229-1241. 

[3] Bhandari A. K. and Passi I. B. S., Lie-nilpotency indices of group algebras, 
Bull. London Math. Soc. 24 (1992), 68-70. 

[4] Bovdi, A. A., Construction of a multiplicative group of a group algebra with 
finiteness conditions, Mat. Issled. 56 (1980), 14-27, 158. 

[5] Bovdi A. A. and Kurdics, J., Lie properties of the group algebra and the 
nilpotency class of the group of units, J. Algebra 212 (1999), 28-64. 

[6] Bovdi A. and Lakatos P., On the exponent of the group of normalized units 
of a modular group algebras, Publ. Math. Debrecen 42 (1993), 409-415. 

[7] Bovdi, V. and Dokuchaev, M., Group algebras whose involutory units com- 
mute, electronic preprint ( [http : / /www . arxiv . org/ abs/math . RA/0009003| ) . 



Buckley, J. T., Polynomial functions and wreath products, III. J. Math. 14 
(1970), 274-282. 

[9] Coleman, D. B. and Passman, D. S., Units in modular group rings, Proc. 
Amer. Math. Soc. 25 (1970), 510-512. 

[10] Du, X., The centers of radical ring, Canad. Math. Bull. 35 (1992), 174-179. 

[11] Gupta, N. D. and Levin, F., On the Lie ideals of a ring, J. Algebra 81 (1983), 
225-231. 

[12] Jennings, S. A., The structure of the group ring of a p-group over a modular 
field, Trans. Amer. Math. Soc. 50 (1941), 175-185. 

[13] Jennings, S. A., Radical rings with nilpotent associated groups, Trans. Roy. 
Soc. Canada 49 (1955), 31-38. 

[14] Konovalov, A. B., On the nilpotency class of a multiplicative group of a 
modular group algebra of a dihedral 2-group, Ukrainian Math. J. 47 (1995), 
42-49. 

[15] Koshitani, S., On the nilpotency indices of the radicals of group algebras of 
p-groups which have cyclic subgroups of index p, Tsukuba J. Math. 1 (1977), 
137-148. 



11 



[16] Mann, A. and Shalev, A., The nilpotency class of the unit group of a modular 
group algebra II, Isr. J. Math. 70 (1990), 267-277. 

[17] Mann, A., Wreath products in modular group rings, Bull. Lond. Math. Soc. 
23 (1991), 443-444. 

[18] Motose, K. and Ninomiya, Y., On the nilpotency index of the radical of a 
group algebra, Hokkaido Math. J. 4 (1975), 261-264. 

[19] Passi I. B. S., Passman D. S. and Sehgal S. K., Lie solvable group rings, 
Canad. J. Math. 25 (1973), 748-757. 

[20] Shalev, A., On some conjectures concerning units in p-group algebras. Pro- 
ceedings of the Second International Group Theory Conference (Bressanone, 
1989), Rend. Circ. Mat. Palermo (2) 23 (1990), 279-288. 

[21] Shalev, A., Dimension subgroups, nilpotency indices, and number of gene- 
rators of ideals in p-group algebras, J. Algebra 129 (1990), 412-438. 

[22] Shalev, A., The nilpotency class of the unit group of a modular group 
algebra I, Isr. J. Math. 70 (1990), 257-266. 

[23] Shalev, A., Large wreath products in modular group rings. Bull. London 
Math. Soc. 23 (1991), 46-52. 

[24] Shalev, A., Lie dimension subgroups, Lie nilpotency indices, and the ex- 
ponent of the group of normalized units. J. London Math. Soc. 43 (1991), 
23-36. 

[25] Shalev, A., The nilpotency class of the unit group of a modular group 
algebra III, Arch. Math. (Basel) 60 (1993), 136-145. 

[26] Sharma, R. K. and Bist, V., A note on Lie nilpotent group rings, Bull. 
Austral. Math. Soc. 45 (1992), 503-506. 



Department of Mathematics and Economy Cybernetics, 
Zaporozhye State University, Zaporozhye, Ukraine 

Mailing address: 

P.O.Box 1317, Central Post Office, Zaporozhye, 69000, Ukraine 
E-mail : konovalov@member.ams.org 



12 



